We study disjointness preserving (quasi-)n-shift operators on C 0 (X), where X is locally compact and Hausdorff. When C 0 (X) admits a quasi-n-shift T , there is a countable subset of X ∞ = X ∪ {∞} equipped with a tree-like structure, called ϕ-tree, with exactly n joints such that the action of T on C 0 (X) can be implemented as a shift on the ϕ-tree. If T is an n-shift, then the ϕ-tree is dense in X and thus X is separable. By analyzing the structure of the ϕ-tree, we show that every (quasi-)n-shift on c 0 can always be written as a product of n (quasi-)1-shifts. Although it is not the case for general C 0 (X) as shown by our counter examples, we can do so after dilation.
Introduction
The general theory of shift operators on the infinite-dimensional separable Hilbert space 2 and other classical function spaces is well studied and fruitful (see, e.g., [13] ). Recently, there are some efforts in the literature to study shift operators on arbitrary (infinite-dimensional) Banach spaces in a basis free setting. Generalizing a notion of Crownover [5] , we call a (necessarily bounded) linear operator S from a Banach space E into E an n-shift if (a) S is injective and has closed range; (b) S has corank n; (c) the intersection ∞ m=1 S m E of the range spaces of all powers S m of S is zero.
S is called a quasi-n-shift if S satisfies conditions (a) and (b). When n = 1, we will simply call S a shift or a quasi-shift accordingly. Extending a result of Crownover [5] , we show that every n-shift on a Banach space is similar to an operator on a sequence space shifting the first n coordinates of a vector to the right (Proposition 5.3), although it is not necessarily a product of n shifts (Example 7.4). However, this correspondence does not observe other properties of a shift. For example, the underlying sequence space is no longer an algebra or a vector lattice.
Noticing that the unilateral shift on 2 preserves the Banach space geometry, some authors devote their efforts to isometric shifts. Being aware of the fact every Banach space can be embedded isometrically into C(X) for some compact Hausdorff space X, one feels no surprise that isometric (quasi-)1-shifts on C(X) are quite well studied. See, for example, [3, 4, [6] [7] [8] [9] 14] . Isometric (quasi-)n-shifts on general locally compact spaces are discussed in [11] .
Beside being isometric, the unilateral shift also observes the lattice structure of 2 . Recall that a linear map T between two Banach lattices is said to be a lattice homomorphism (respectively disjointness preserving) if T (a ∧ b) = T a ∧ T b (respectively T a ∧ T b = 0 whenever a ∧ b = 0) for all a, b in the domain. In particular, a linear operator T between function spaces is disjointness preserving if and only if Tf · T g = 0 whenever f · g = 0. Lattice homomorphisms between Banach lattices are exactly positive disjointness preserving linear operators (see, e.g., [2] ). Disjointness preserving shifts on Banach lattices are introduced in [7] , where the authors apply results in [1] and others to obtain the nonexistence of such operators on Dedekind complete Banach lattices with at most finitely many atoms.
By the Kakutani Theorem [12] , every (AM)-space with an order unit is isomorphic to a Banach lattice of continuous functions. Thus the theory of disjointness preserving shifts on continuous functions is at least a good test case. We will develop in this paper a general theory of disjointness preserving (quasi-)n-shifts on C 0 (X), the Banach lattice of continuous (real-or complex-valued) functions defined on a locally compact space X vanishing at infinity. With the new tools provided in [10] about Fredholm disjointness preserving operators we can perform an extensive study in disjointness preserving shifts on C 0 (X). We obtain quite a complete theory analogous to those presented in [6, 7, 11] . In particular, we know that every disjointness preserving quasi-n-shift T on C 0 (X) can be written as a weighted composition operator Tf = h · f • ϕ, where h is a bounded continuous scalar function on X away from zero and ϕ is a homeomorphism from X onto X modulo finite subsets.
A useful notion, the ϕ-tree, associated to every proper continuous function ϕ from a locally compact space X onto X is introduced in Section 2. This new graph theoretic approach gives a new insight into the structure of a shift operator on C 0 (X). In Section 3, we show that the ϕ-tree arised from a disjointness preserving quasi-n-shift Tf = h · f • ϕ on C 0 (X) has exactly n joints (Theorem 3.1). The ϕ-tree is a countable subset of the one-point compactification X ∞ = X ∪{∞} of X, and serves as a 'basis' for C 0 (X) such that the action of T can be represented as a shift on it. The ϕ-tree arising from an n-shift is proved to be dense in X. In particular, X is separable whenever any disjointness preserving n-shift on C 0 (X) exists (Theorem 3.5). We note that a similar problem posted in [7] that whether the existence of an isometric shift on C 0 (X) ensures the separability of X still remains open (see [4] for a partial answer). These questions concern the common interest to what extent the geometric or lattice structure of C 0 (X) determines the topological structure of X.
In Section 4, we shall verify that all disjointness preserving (quasi-)n-shifts on c 0 ∼ = C 0 (N) can be written as a product of n (quasi-)1-shifts (Theorem 4.5). It is, however, not the case for general C 0 (X). In Section 5 we show that the product of a disjointness preserving quasi-mshift S and a disjointness preserving quasi-n-shift T is again a disjointness preserving quasi-(m + n)-shift (Proposition 5.1), and even an (m + n)-shift if any one of S and T is an m-or n-shift and ST = T S (Corollary 5.2). However, we shall provide a counter example that some disjointness preserving n-shifts cannot be written as products of n disjointness preserving shifts (Example 7.4). There are also compact connected Hausdorff spaces X n such that each C(X n ) admits a quasi-n-shift but not any quasi-k-shift for n 2 and k = 1, 2, . . . , n − 1 (Example 7.5). Nevertheless, we show in Section 6 that a disjointness preserving quasi-n-shift can be dilated to a product of n quasi-1-shifts and corank one injections, provided for example that X is compact (Theorem 6.6). Finally, we present several examples and counterexamples in Section 7, which show that our results in this paper are sharp.
Basic constructions and tools
Let X be a locally compact Hausdorff space with the one-point compactification X ∞ = X ∪ {∞}. The point ∞ is an isolated point in X ∞ if and only if X is compact. We write C(X)
Recall that a map ϕ from X onto X is said to be proper if the pre-image ϕ −1 (K) of every compact subset K of X is compact. In other words, lim x→∞ ϕ(x) = ∞, and thus ϕ can be thought of a continuous map from X ∞ onto X ∞ sending ∞ to ∞. (1) A ϕ-branch originated at a point x in X ∞ is defined to be the set
where ϕ 0 (x) = {x} and ϕ −n (x) = {y ∈ X: ϕ n (y) = x} for n = 1, 2, . . . . A ϕ-tree is said to be rooted at some point x in X if the ϕ-tree coincides with the ϕ-branch B x originated at x. (6) The crown of the ϕ-tree is the union {B a : a ∈ M ϕ } of all ϕ-branches originated at ϕ-merging points.
and the induced map
We are interested in the ϕ-tree associated to a disjointness preserving quasi-n-shift T on C 0 (X). In fact, every such T gives rise to a unique map ϕ such that the action of T can be visualized as a shift on the ϕ-tree in X ∞ , which has exactly n joints. Example 2.2. Let T be the disjointness preserving 3-shift on c 0 ( ∼ = C 0 (N)) defined by 
Note that the set of all ϕ-merging points is M ϕ = {∞, 1, 2, 3, 4, 5}, and the set of all ϕ-merged points is ϕ(M ϕ ) = {∞, 1, 2}. There are exactly #(M ϕ ) − #(ϕ(M ϕ )) = 3 joints in the ϕ-tree at ∞, 1 and 2, respectively. Moreover, the ϕ-tree coincides with its crown and is rooted at ∞. In this case, [2] , [4] , [6] , [7] , [8] , [9] , . . .
Denote by δ x the evaluation at a point x in X. Since quasi-n-shifts on C 0 (X) are Fredholm operators with closed range, [10, Theorem 4.14] can be utilized to give
(1) There exist a continuous map ϕ from X ∞ onto X ∞ and a continuous bounded and away from zero scalar function h on X c such that ϕ(X 0 ∪ {∞}) = {∞}, ϕ(X c ) = X, and
The map ϕ is a relative homeomorphism modulo M ϕ . Consequently, the finite set
3. Disjointness preserving n-shifts and the related ϕ-tree structure Let T be a disjointness preserving quasi-n-shift on C 0 (X). By Theorem 2.3(2), we know that all equivalence classes in X ∞ induced by the relative homeomorphism ϕ are finite and all but at most finitely many of them consist of exactly one point. Let all the possibly exceptional classes be
In other words, we have
for some distinct ϕ-merged points c 1 , c 2 , . . . , c j in X. Accordingly,
In case ∞ is not a ϕ-merged point, we have 
For any bounded and away from zero scalar function h on X c , the disjointness preserving operator T defined by Tf | X c = h · f • ϕ and Tf | X 0 = 0 is a quasi-n-shift on C 0 (X). In above notations, the range space of T is
Proof. The necessity follows from Theorem 2.3. For the sufficiency, it is enough to prove that the range space of T is the set
The case ran(T ) ⊆ R is trivial. On the other hand, suppose
Since h is bounded away from zero, f is continuous and vanishes at infinity. Hence f ∈ C 0 (X). It is easy to see that g = Tf ∈ ran(T ).
Depending on the choice of the weighted function h, a ϕ-tree can provide us with different quasi-shifts and shifts (see Example 7.1), while there are some ϕ-trees which provide us with no n-shift at all (see Example 7.2). We are interested in the question of which ϕ-trees do provide us with a disjointness preserving n-shift regardless of the choice of the weight functions h. As a supplement to [7, Theorem 2.4] , the following result states that every dense ϕ-tree rooted at ∞ does.
Theorem 3.2.
Suppose ϕ is a relative homeomorphism from a locally compact space X onto X modulo M ϕ such that the ϕ-tree is rooted at ∞, dense in X ∞ and has exactly n joints.
∞). Then for any bounded and away from zero continuous scalar function
Proof. By Theorem 3.1, T is a quasi-n-shift. We only need to verify Suppose T is a disjointness preserving quasi-n-shift on C 0 (X) and Tf = h · f • ϕ on X c . We extend h (not necessarily continuously) to the whole of X ∞ by setting h| X 0 ∪{∞} = 1 for convenience. From now on, we can thus simply write Tf = h · f • ϕ as a weighted composition operator on C 0 (X). 
The following theorem says that C 0 (X) admits no disjointness preserving n-shift (n = 1, 2, . . .) if X is inseparable. We note that a similar problem for isometric shifts is still open (see, e.g., [4] ). Recall that the crown of the ϕ-tree is the union of all ϕ-branches originated at ϕ-merging points.
Then the crown of the ϕ-tree arising from T is dense in X. In particular, X is separable.
Proof. Suppose g in C 0 (X) vanishes on the crown of the ϕ-tree. Then g is in ran(T m ) for m = 1, 2, . . . , by Lemma 3.4. As a result, ∞ m=1 ran(T m ) contains the subspace {g ∈ C 0 (X): g vanishes on the crown of the ϕ-tree}. If T is an n-shift, then ∞ m=1 ran(T m ) = {0}, and thus, the crown of the ϕ-tree is dense in X. In this case, X is separable since the crown of the ϕ-tree is a countable set. 
Theorem 3.6. There is no finite-dimensional compact topological manifold X such that C(X) admits any disjointness preserving quasi-n-shift.
Proof. Suppose on the contrary that Tf = h · f • ϕ is a quasi-n-shift on C(X) with ϕ and h given as in Theorem 2.3. Since X is compact, the point ∞ at infinity is isolated in X ∞ . Therefore, the ϕ-branch B ∞ = {x ∈ X ∞ : ϕ k (x) = ∞ for some k = 0, 1, 2, . . .} contains only isolated points, and thus must be the singleton {∞}. By Theorem 2.3(3), X is homeomorphic to its quotient X ∼ where the equivalence relation ∼ on X is defined by identifying points a, b in M ϕ with ϕ(a) = ϕ(b). Note that after identifying exactly #M ϕ − #ϕ(M ϕ ) = n such pairs, we obtain X ∼ from X. By computing a long exact sequence, we can conclude that the first homological group
This implies H 1 (X) has infinitely many free generators. However, the first homological group of any finite-dimensional compact topological manifold is finitely generated (see, e.g., [15, p. 165] ). This contradiction shows that C(X) admits no quasi-n-shift. 2
(Quasi-)n-shifts on c 0
This section is devoted to a comprehensive study of disjointness preserving (quasi-)n-shifts on c 0 ( ∼ = C 0 (N)). In the following two lemmas, ϕ : N ∞ → N ∞ will be a continuous surjective map with ϕ(∞) = ∞. 
We thus conclude again in this case that g vanishes on the branch of the ϕ-tree originated at a 1 . In a similar manner, we assert that g vanishes on the branches of the ϕ-tree originated at all other merging points a 2 , . . . , a j , and thus on the crown of the ϕ-tree which contains N. This gives g = 0. Consequently, T is an n-shift. 2 Since N is discrete, we may extend h continuously to N by setting h| N\N c ≡ 1. By Theorem 2.3 and Lemma 4.2, the ϕ-tree has exactly n joints and the crown of the ϕ-tree contains N. We claim that there exist n continuous maps ϕ 1 , . . . , ϕ n from N ∞ onto N ∞ sending ∞ to ∞ such that every ϕ i -tree has exactly 1 joint, the crown of the ϕ i -tree contains N and ϕ = ϕ n • · · · • ϕ 1 . Since the ϕ-tree has n joints, we can make a cut at each merged point to get n disjoint sequences {a
It is easy to see that ϕ * is bijective,
and
Now define ϕ i :
It is clear that ϕ i is continuous from N ∞ onto N ∞ satisfying that ϕ i (∞) = ∞, the ϕ i -tree has exactly 1 joint at ϕ i (a (1) 1 ), and the crown of the ϕ i -tree contains N. Now define T i : c 0 → c 0 , i = 1, . . . , n, by
By Lemma 4.2, T 1 , . . . , T n are isometric disjointness preserving shifts. It is plain that
In Example 7.3, we shall decompose a 5-shift into a product of five 1-shifts for a demonstration. 
Proof. Apply Lemmas 4.2 and 4.4 to the isometry
In Example 7.1, there is a disjointness preserving quasi-shift on c 0 , which is not a shift but the crown of its ϕ-tree contains N. On the other hand, in Example 4.6, we shall have an isometric disjointness preserving quasi-2-shift on c 0 , which can be written as a product of two isometric disjointness preserving shifts on c 0 but its ϕ-tree does not contain the whole of N. In particular, the converse of Theorem 4.5 does not hold. Example 4.6. Let S 1 and S 2 be the isometric disjointness preserving shifts on c 0 defined by x 2 , x 3 , x 4 , . . .) = (x 2 , x 1 , x 1 , x 3 , x 4 , . . .). Proof. Let the quasi-n-shift gives rise to a ϕ-tree and the quasi-m-shift gives rise to a ψ -tree, where ϕ and ψ arise as in Theorem 2.3. Then their product gives rise to a ϕψ-tree. We want to show that the ϕψ-tree has exactly m + n joints. Note that ϕψ means ϕ • ψ .
Observe that for any point a in X, a ∈ M ϕψ if and only if either
Therefore,
On the other hand,
where the last one is a disjoint union. Since ϕ is one-to-one from ψ(M ψ ) \ M ϕ , we have
Therefore, the number of joints in the ϕψ-tree is
By Theorem 3.1, the product operator is a quasi-(m + n)-shift. 2
Corollary 5.2. For any two commuting disjointness preserving quasi-m-and quasi-n-shifts S and T , if any one of them is an m-or n-shift then their product is a disjointness preserving
(m + n)-shift.
Proof. By Proposition 5.1, ST is a quasi-(m + n)-shift. On the other hand, ran((ST
In contrast to Proposition 5.1, Example 4.6 tells us that the product of any n 1-shifts may not be an n-shift. Note also that S 1 and S 2 do not commute in that case.
Modifying the proof given for the case n = 1 in [5] , we have the following result which says every n-shift on a Banach space E is similar to a 'classical' n-shift on a sequence space E S .
Proposition 5.3. Suppose T is an n-shift on the Banach space E. Then there exists a Banach space E S of scalar sequences, isomorphic and isometric to E, such that on E S the n-shift T corresponds to the operator T S defined by
T S (a 1 , a 2 
.).
Proof. Since T has closed range and corank n, there exist n elements x 1 , x 2 , . . . , x n in E linear independent modulo T E such that E is the Banach space direct sum
Let y ∈ E. Then there exist n unique scalars a 1 (y), a 2 (y), . . . , a n (y) and an element y 1 in E such that
Since T is injective, the choice of y 1 is unique. Similarly, there exist another n unique scalars a n+1 (y), a n+2 (y), . . . , a 2n (y) and a unique element y 2 in E such that
Thus,
By induction, there exist a unique sequence of scalars {a m (y)} ∞ m=1 and a unique sequence of vectors {y m } ∞ m=1 in E such that for m = 1, 2, . . . , we have
Let E S denote the vector space of sequences {a m (y)} ∞ m=1 . The mapping y → {a m (y)} ∞ m=1 is linear and maps E onto E S . Since ∞ k=1 ran(T k ) = {0}, no nonzero vector is mapped to the zero sequence. Thus the correspondence is a linear isomorphism.
Let the norm {a m (y)} ∞ m=0 in E S be defined as y . Then the two spaces are isometric, and E S is a Banach space. Equation (3) , x 2 , . . .) does. Thus, this idea may not be implementable in some cases. We shall see in Examples 7.4 and 7.5 that such a hope is indeed fruitless. When X does not contain isolated points, it is shown in [11] that every isometric quasi-n-shift on C 0 (X) is disjointness preserving. Therefore, Example 7.5 gives also an example of an isometric quasi-n-shift which cannot be written as a product of n isometric quasi-1-shifts.
Decomposing quasi-n-shifts into quasi-1-shifts after dilation
In this section, we address the question how we can decompose quasi-n-shifts into quasi-1-shifts after dilation. Definition 6.1. We call a point x in X ∞ a ϕ-vanishing point if ϕ(x) = ∞. A ϕ-tree is said to be simple if all ϕ-vanishing points in X are isolated points. A disjointness preserving quasi-n-shift T is said to be simple if its associated ϕ-tree is simple.
We note that all disjointness preserving quasi-n-shifts on a compact Hausdorff space are simple by Theorem 2.3(3).
Lemma 6.2. Let T be a simple disjointness preserving quasi-n-shift on C 0 (X) with exactly n vanishing points. Let
and thus C 0 ( X) = C 0 (X) ⊕ c 0 . Then the simple quasi-n-shift T = T ⊕ I can be written as a product of n simple quasi-1-shifts on C 0 ( X). In case T is an isometry, we can assume that these quasi-1-shifts are also isometries.
Let s be the unilateral shift on c 0 , i.e.,
Clearly, both S 1 and S 2 are simple disjointness preserving quasi-1-shifts on C 0 ( X). S 1 is always an isometry, and so is S 2 whenever T is. Observe that S n−1 1 = I ⊕ s n−1 . A direct verification gives where S 1 is a simple isometric quasi-shift on C 0 ( X) and T l is a quasi-l-shift on C 0 ( X) without vanishing points. In case T is an isometry, we can assume that T l is an isometry as well.
Finally, we note that T l is a quasi-l-shift without vanishing point, and an isometry whenever T is. 2 Remark 6.4. If l = 0 in Lemma 6.3 then
; that is, every simple disjointness preserving quasi-n-shift on C 0 (X) with exactly n vanishing points can be dilated to a product of an invertible (composition) operator T 0 and n copies of the isometric quasi-shift S 1 = I ⊕ s. We note that S 2 = T 0 • S 1 is the one given in Lemma 6.2.
Recall that a bounded linear operator T between Banach spaces is called an injection if it is injective and has closed range. In this case, there is a δ > 0 such that T x δ x for all x in the domain of T . 
Lemma 6.5. Let T be a disjointness preserving injection (respectively isometry) from
On the other hand, we define
Let g be a continuous scalar function on Y satisfying either one of the following conditions:
Define h 2 (y) = |h(y)|g(y) and 
Clearly Q a,b is a disjointness preserving injection of corank one, and T a,b is a disjointness preserving injection of corank n − 1. Both Q a,b and T a,b will be isometries whenever T is. The above construction can be applied to further decompose T a,b into n − 1 disjointness preserving injections (respectively isometries) of corank one. 2 Theorem 6.6. Let T be a simple disjointness preserving quasi-n-shift on C 0 (X) with m vanishing points. Let l = n − m and let X = X ∪ N (disjoint union). Then T ⊕ I defined on C 0 ( X) = C 0 (X)⊕c 0 is a product of m copies of the isometric disjointness preserving quasi-shift S 1 = I ⊕s and l corank one disjointness preserving injections Q 1 , Q 2 , . . . , Q l , i.e.,
Here, s is the unilateral shift on c 0 . In case m = n, the right-hand side becomes QS n 1 for some invertible composition operator Q on C 0 ( X). Moreover, all Q 1 , Q 2 , . . . , Q l can be chosen to be isometries whenever T is.
Proof. It follows from Lemmas 6.2, 6.3 and 6.5. 2
Examples and counter examples
In this final section, we present some examples and counter examples which show our results in previous sections are sharp. The first two of them demonstrate that a ϕ-tree can be associated to both quasi-shifts and shifts, while some others can provide only quasi-shifts. 1 , x 2 , . . .) = (2x 1 , x 1 , x 2 , . . .).
If we write Tf
It is clear that the ϕ-tree is the whole space N, coincides with its crown and has one joint at 1. However, T is just a quasi-shift but not a shift, since (1,
On the other hand, the operator sending (x 1 , x 2 , . . .) to (x 1 , x 1 , x 2 , . . .) is a shift on c 0 giving rise to the same ϕ-tree.
In general, let h in C(N) be bounded and away from zero. Then the weighted composition operator S on c 0 defined by Sf = h · f • ϕ is a quasi-shift. We shall show that S is a shift on c 0 if and only if lim sup
Observe that
.
ran(S i ) if and only if (1), . . . , 
Observe that ϕ(a 1 ) = ∞, ϕ(a 2 ) = a 6 , ϕ(a 3 ) = a 18 , ϕ(a 4 ) = a 3 and ϕ(a 5 ) = a 4 . Following the proof of Lemma 4.4, we let 4 and ϕ 5 (a 1 ) = a 4 . Moreover, we set ϕ i = ϕ * elsewhere for i = 1, 2, 3, 4, 5. The ϕ i -trees are given below:
It is easy to see that
In its original notations, we have 
Then we have 5 isometric disjointness preserving shifts on c 0 such that
Example 7.4. This example tells us that there exists a compact Hausdorff space X such that C(X) admits an isometric disjointness preserving 2-shift which cannot be written as a product of two disjointness preserving shifts.
Define T :
Tf (1, 0) = 0 and Tf (1, 2) = 0.
By Theorem 3.2, T is a disjointness preserving 2-shift. We shall show that T cannot be written as a product of two disjointness preserving shifts. Suppose, on the contrary, there were two disjointness preserving shifts S 1 and S 2 on C(X)
To derive a contradiction, we first make some general observations. Let ψ : (X ∞ , M ψ ) → (X ∞ , ψ(M ψ )) be a relative homeomorphism induced by a shift on C(X), where M ψ = {a, b} is the set of ψ -merging points with b = ∞. Since ψ maps cluster points to cluster points, we have
Claim. ψ maps {(0, 0), (0, 1), (0, 2)} onto itself without fixing any point.
Assuming the Claim is true for a moment, we then arrive at the conclusion that for every relative homeomorphism ψ, especially ψ 1 and ψ 2 , arising from a disjointness preserving shift on C(X) either one of the following two alternatives holds; namely,
or
However, this cannot be true that conditions (4), (6) and (7) hold simultaneously when ϕ = ψ 2 • ψ 1 . Hence T cannot be written as a product of two disjointness preserving shifts.
To verify the Claim, we first show that
If it is not the case then X ∞ \ {a, b} has only one cluster point while X ∞ \ {ψ(b)} has two cluster points. It is impossible since ψ is a homeomorphism from X ∞ \ {a, b} onto X ∞ \ {ψ(b)}. As a consequence, the equality in (5) holds.
Since the ψ -tree contains X \ {(0, 0), (0, 1), (0, 2)} (Theorem 3.5), a similar argument as in the proof of Lemma 4.1 will give us that {ψ n (x): n ∈ N} is a finite set for every x in X. Hence we can assume ψ m (a) = a for some positive integer m. Note that a can be the isolated point ∞.
The ψ -tree is exactly the branch originated at a, i.e., 
It follows from (10) and (11) that
This implies the whole ψ -tree is contained in A 0 eventually. Thus it is not dense in X, a contradiction.
Example 7.5. This example tells us that there is a compact connected Hausdorff space X such that C(X) admits an isometric disjointness preserving quasi-2-shift but no disjointness preserving quasi-shift at all. As a result, a disjointness preserving quasi-2-shift need not be a product of two disjointness preserving quasi-1-shifts. be a relative homeomorphism such that ϕ is onto X, and one-to-one from X except for Moreover, we assume that ϕ(A 1 ) = B 1 , ϕ(A n+1 ) = A n , and ϕ(B n ) = B n+1 for n = 1, 2, . . . . Then the ϕ-tree has exactly two joints (both at e −i 3π 4 ) and the composition operator Tf = f • ϕ is an isometric disjointness preserving quasi-2-shift on C(X).
On the other hand, there is no disjointness preserving quasi-shift on C(X) at all. In fact, suppose there were one. By Theorem 2.3(3), there would be two points a and b in X such that the quotient space X ∼ a,b is homeomorphic to X, where the equivalence relation ∼ a,b in X is defined by identifying a and b. But this is impossible.
With a trivial modification, one can also obtain examples of compact connected Hausdorff spaces X n such that C(X n ) admits isometric disjointness preserving quasi-n-shifts but not any disjointness preserving quasi-k-shift for k = 1, 2, . . . , n − 1 and n = 2, 3, . . . .
